A fractional generalization of the second author's higher-order diffusion theory is given and fundamental solutions are obtained. The extension from the integer to the fractional case involves a proper treatment of the fractional Laplacian of Riesz type. This is done with analogy to an earlier treatment in extending the second author's gradient elasticity model from the integer to the fractional case. RR d i d i
Introduction
A fractional generalization of higher-order diffusion theory is provided. Such theory was proposed in the 1980's by the second author [ diffusion and mass transport in nanopolycrystals [2] . An alternative formulation, along more conventional lines, for deriving higher-order diffusion equations is to generalize for the density  , and the flux j of the diffusive substance, with the following higherorder constitutive equation
where D is the classical diffusion coefficient and the new parameter d l denotes an internal length accounting for "weakly" nonlocal diffusion effects. 
respectively.
On introducing the aforementioned fractional gradient constitutive equations into the non-fractional balance law given by Eq. (1.1), corresponding partial differnetial equations of fractional order are obtained which need to be solved with the aid of appropriate boundary conditons for finite domains. To dispense with the complicatιon of higher-order fractional boundary conditions, we consider infinite domains and derive fundamental solutions for the respective problems by employing a fractional extension of the Green's function method.
Fractional Second-Order Diffusion Equation
On introducing the non-classical fractional diffusion constitutive relation given by Eq.
( 
where we defined 
is the inverse Fourier transform of the product of two independent terms and can be expressed as the convolution of the corresponding solutions in the physical space using the following well-known property of the Fourier transform
where the symbol  denotes the usual binary operator of convolution of two integrable functions, and denotes the Fourier transform. Using Eq. (2.5), we recognize Eq.
(2.4) as the convolution
where we defined the set of functions ( , ) Gt  r as
is the fundamental solution (i.e. the Green's function) for the fractional diffusion equation
The corresponding fundamental solution of Eq. 
The integral in Eq. (2.11) can be computed using the convolution property of the Mellin transform, defined in [4] by the relationship
Its inverse is given by
where the path of integration is a vertical strip separating the poles of { ( )}( ) M f x s , defined in 12 Re( ) s   . For more details about the Mellin transform, we refer the reader to [5] . Here we only use the basic results
where we made use of the Mellin transform of the Bessel function (see also Section 6.8
Consequently, Eq. (2.11) can be evaluated using the above results and performing the inverse Mellin transform by computing the Mellin-Barnes integral with the Green-type function , () G  r given by The following asymptotic behavior for Eq. (2.36) can be derived in the form This is the fractional counterpart of the Ru-Aifantis theorem [10] , for the steady-state fractional higher-order diffusion equation.
In concluding, we point out that this development of extending the higher-order diffusion theory form the integer to the fractional order follows the lines of such type of extension pursued earlier for the theory of gradient elasticity/GradEla [11] [12] [13] [14] .
